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Abstract A class of conformally flat spacetimes that admit certain decomposable world-
spin affine patterns is considered. New coordinate-derivative relations are particularly uti-
lized to demonstrate that the procedures involved in a well-known spinor translation of the
corresponding Riemann and Ricci tensors bear world invariance. The establishment of this
invariance property will presumably shed some light upon the overall spacetime situation
taken up by the underlying works.
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1 Introduction

A decomposable Christoffel connexion associated to a particular spin-affine model was uti-
lized many years ago by Penrose and Rindler [1, 2] for describing some properties of a class
of conformally flat spacetimes. The geometric significance of the affine structures taken up
explicitly in this work was sorted out much later in conjunction with a spinor translation
of the corresponding Riemann tensor and a systematic derivation of some cosmological ex-
pressions [3]. It was pointed out, in effect, that both the translational and the derivation
techniques bear world invariance, but no proof of this statement has been given hitherto.
The present paper is mainly aimed at establishing definitely the invariance property
brought up above. One of our key procedures includes making use of a new set of coordinate-
derivative relations for looking into the world behaviour of a suitably contracted differential
configuration that carries a pair of Hermitian connecting objects for the y-formalism of In-
feld and van der Waerden (see, for instance, Ref. [4]). Nevertheless, what crucially appears
to control the world characters of all spin-curvature and cosmological expressions taken into
consideration herein, amounts to a single mixed-scalar-density prescription for the absolute

J.G. Cardoso (X)

Department of Mathematics, Centre for Technological Sciences-UDESC, Joinville 89223-100, Santa
Catarina, Brazil

e-mail: dma2jgc @joinville.udesc.br

@ Springer


mailto:dma2jgc@joinville.udesc.br

Int J Theor Phys (2010) 49: 1274-1287 1275

value of the independent component of a y-formalism metric spinor. In fact, this prescription
had been implemented earlier to keep track of the behaviour of a general affine correlation
[4]. The compatibility between the classical behaviour of Christoffel connexions and those
of the constituents of the world-affinity decomposition just allowed for, gets clearly exhib-
ited out of deducing a system of affine laws.

We will first exhibit in Sect. 2 some of the basic patterns for the class of spacetimes be-
ing considered. The affine laws are deduced subsequently in Sect. 3 whereas the derivative
relations are shown in Sect. 4. In Sect. 5, we will elaborate upon the specification of the
world behaviours at issue. The description of the entire geometric situation will be effec-
tively made up in Sect. 6. Throughout the paper, the primed-unprimed spinor-index notation
of Ref. [1] will be adhered to. World components are labelled by lower-case Latin letters.
We shall implement the usual convention whereby the effect on any index structure of the
actions of the symmetry and antisymmetry operators is indicated by surrounding the indices
singled out with round and square brackets, respectively. Unprimed and primed kernel let-
ters are used only to refer to outcomes of invertible world transformations like x* > x"(x),
with the “x” in parentheses meaning functional dependence on some spacetime coordinates
x9 x! x? and x3. The partial-derivative operators d/9x“ and 9/9x" will be written as 9,
and 9). We will assume at the outset that the signature of an appropriate spacetime metric
tensor g, is (+ — ——). In Sect. 2, we will implicitly allow the sourceless Einstein’s equa-
tions to carry the cosmological constant. In Sects. 3 through 6, the Jacobian determinant of
a world-coordinate transformation will be taken as

5 3()6/0, x/l’x/z, x/3)
W —_ — .
a(x0 x1, x2, x3)

The homogeneous and inhomogeneous parts of some spacetime quantity of arbitrary valence
are thus defined so as to enter a configuration of the type

T, , "(x) = Hom[T, , "] + Inh[T,_, 7],
with the homogeneous part being denoted by
Hom(7, , " 91=(8,x™)...(3,x")(3,x"") ... (0sx )Ty " (x).
These world contributions then obey the outer-product relation
Inh[A’B’] =Hom[A']Inh[B’] + Hom[B']Inh[A'] + Inh[A']Inh[B'],
in conformity with the symbolic law
C’(x") =Hom[C’] + Inh[C],

with the indices of some spacetime quantities A, B and C having been suppressed here for
once. When A is regarded as a tensor, we will allow for the “linearity” property

Inh[A’B’] =Hom[A']Inh[B’] = A'Inh[B’].
In particular, identifying (A, B) = (u*, n*), with u® being a vector, leads to
Inh[u/ 7] = g/, u"Inh[n] = «"“Inh[g/, "] = Inh[u" "7 ].

Functional dependences on coordinates will henceforward be omitted. A few further con-
ventions will be explained occasionally.
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2 Basic World-Spin Formulae
The world-affine pattern of interest to us is written as
LCave = 8ab Ye — 2T a&b)c )]
such that
T, =T’ = (4T, (@)
It follows immediately from (1) that
Bagbe = (—=2Y)ghe, 8" =27Yug"™. 3
Consequently, differentiating partially the elementary metric relationship’
8ab = UaBB/UhBB’s 4
and manipulating world indices adequately, yields the eigenvalue equations
%a0p55 = (—2Y)oppp, 0,058 =27,0"F, Q)
One is then led to the constancy property
BaabBB/ =0, BaagB, =0. (6)

The expression for the y-formalism spin connexion y, g¢ associated to I, is thought of
as arising from the simultaneous prescriptions [3, 4]

1 ! !
BB _A _A _h
Cope = >0 031%heOanlns Tanspcc =Vvaapcysc+cc., @)

with ypc amounting to one of the metric spinors for the y-formalism, and the symbol “c.c.”
standing here as elsewhere for an overall complex conjugate piece. In effect, we have the
irreducible decomposition

vaasc =Opayca —iPaayse, ®)

with 6, and &, having normally to be looked upon as world vectors [4]. The quantity 6, is
accordingly expressed as

1
ea =", — Zaa IOgC, (9)

where c is a real world-spin scalar density of world weight —1 and absolute weight +4,
which bears d-constancy in some given world frame [3]. Hence, we can promptly spell out
the covariant derivatives

Vawp = 0,wp — Zap (T we) + 2T gy, (10

and

Vaub = aaub - [(Tcuc)aah + Tauh - gacThur]; (1

1Any o-symbol will henceforth denote a y -formalism connecting object.
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whose spinor version is supplied by
Vanywpp = 0aawpp +0pawap + O0apwpa, (12)
and
VanuB =0, 0uP% — 20, ,u®® +05u% + 6548, (13)
with w, and u“ thus being vectors. The simplest covariant divergences appear as
Véw, = Q%W,, V,u*=m,u’, (14)
where €2, and 7, are defined by
Qo =0, —2Ya, 7504 — 4Ty, 15)
and 3% = g?39,. By appealing to (3), we likewise find the relations
Q,B*—-Q'B,=9,B —93“B, =2Y,B*, (16)
and
Q,B*=0°B,, Q'B,=m,B, (17)

where B¢ is some contravariant world vector. Moreover, when acting upon g,, and g, the
above-defined Q2 -operators afford us the statements

Qughe = (4T g, Qg™ =0, (18)
and
Tabe = (—6Ya)gbe,  Mag™ = (—27)g™, (19)
along with
QW wp) = gpea W), 7 (uwp) = g7 (upw,). (20)

The spinor expression for the Riemann tensor of the connexion (1) is written out explic-
itly as [3]

Raapprcc'pp’ = Yarp [VCD(a(C’(AGB)D’) + 0 a0Bpr))

1 ! 4
+ EVC’D’VC(AVB)D(BMM Ovinr — Oy O™ )] +c.c. 21

It turns out that the gravitational spinors of the affinity (8) are expressed as
Eaapp = 0a08) + 0aa0pp), (22)
and?

1 ! 4
XABCD = E(aMM QMM’ - HMM’QMM ))/A(CyD)Bv (23)

2We should emphasize that YA(CYD)B =YC(AVB)D-
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which bring out all the characteristic symmetries [1, 5, 6]. It is evident that the X-spinor of
(23) bears a purely cosmological character, that is to say,

Wagep = Xupep) =0, (24)

where the W-object is supposedly carried by the spinor representation of the Weyl tensor
Capea of I ype, according to the scheme [1, 7]

b ¢ _d
04 a0 0O Caved =Yarp Voo Yapep +c.C. (25)
The corresponding Ricci spinor is then given by?

(_3) 8MM’

Raapp = T( O — Onar O™ Y yagyan — 2B anpp, (26)

which exhibits the cosmological expression [3]

(=3) . ,
A= T(aAA Oanr — Oaar0™). 27

3 Affine Laws

Obviously, the determinant 8y defined in Sect. 1 is a homogeneous function of d,x’* of
degree +4. Hence, acting on it with the Euler operator [8]

e=(0,x") 0 (28)
0 T0(0,x™)’
produces the relations
e8w = (3,X"7) (3, x) 8w = 48y (29)

Because of the arbitrariness of the coordinates involved in these relations, we can write

a(zf:,b) = (xS & (O)x) = g(lggxébw) (30)
Thus, resetting 8y = (Aw)~! and utilizing the chain rule
9 = <ﬂ) L 31)
¢ 0x"€0x® ) 3(9,x"?)
provides the configuration*
/
8, log Aw = —(9)x°) 822);}; = aj:gi : (32)
which amounts to
Inh[I",] = (—4)Inh[Y)] =3, log Ay. (33)

30ur sign convention for the Ricci tensor is Ry, = R, hbh.

4We stress that partial-derivative operators for different coordinate systems generally do not commute.
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Interchanging the roles of the world frames then yields

. a2x/b
(=HInh[Y,] =04 log(Aw)™ = ——— (34)
ax"’9xa
whence the implementation of (1) gives rise to the laws
T, = (@,x")Y; — ) log(Aw)'/*, 35)
and
Yo = (0.x"") Y} + dq log(Aw)'/*. (36)

Furthermore, by transvecting (35) and (36) with arbitrary vectors u’* and u“, we deduce the
property

u“9 log Ay = u®9d,log Ay, (37)
which can also be derived by using Leibniz devices like

32x/b a2xb
(9" :
ax"P9xa (B )ax”ax’”

(38)

It is clear that the procedures leading to the affine law (35) are equivalent to either picking
up directly the piece Inh[I"/] or transvecting Inh[I"/, ] with a suitable metric tensor. Indeed,
one can establish the above statement in a subtle way by invoking the symmetric structure

, L azxs
Inh[l"a(bc)] = &ks (3(bx )W’ (39)
along with the computation
82xs
Inh[T"), ] = gi, (3 x*F
[Cape] = 8is (0:x7) pyr
= 9,85 — (9,x*)(3x°) (8,x") 3 gs — Inh[I, ]
= g, Inh[(=2)7,] — Inh[T,]. (40)
We then obtain the laws
1 82 h
!/ / r !
Inh[21") ] = EgbCW =1Inh[d,g,.], (41)
which agree with the transvections®
¢"“Inh[I", 1= (—2)g"™Inh[T}_]= (—4)Inh[Y]]. 42)
We notice that (39) and (40) produce the pattern
Db, = X g L P 43
P L ane] = 5 g 8ne ~ 28w g yag e @9

5We remark at this point that the affinity (1) satisfies the peculiar relation Fabb =(-r? ba-
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which takes us back to the laws (41).
In passing, we point up that the behaviour of Y, may be specified by calling for the rule

gks 8kx/c — g/kca,:xs’ (44)
together the calculation

2..rc
ks 9°x

Wasx/b = [9(g" dx’) — (Bx) (3, x") 38" 10,x"

= g™ Inh[T"/,"] + 2¢"*“Inh[Y]. (45)

In effect, symmetrizing the configuration (45) over the indices b, ¢ and using the relations
(41) gives

82x/(b
ks PP 3,x’” = 2Inh[I", %] + 4¢"“Inh[ Y]]
=2¢"Inh[ Y]], (46)
whence we are likewise led to
/ _Ithc ks 2/ Ic) 1 by ath
Inh[Q =2 9x' + g —— =0, 47
nh[$2,671 =28 g 0%+ 28 giigra “7)
and
1 92xh
Inh 1 olbey — Z 5/be , 48
nh(r,¢™] 28 Siigya (48)

in agreement with the equality 7, g" = 2I",%9.
The upper-index version of (35) can be achieved by working out the structure which
arises out of raising the relevant index. We thus have
Inh[4Y"] = Inh[4g"* ;] = g'** 3} log Ay
92xh g 32y/b w
axhox® x"Paxk

— a[/)g/ab _ ak(gksasx/a)

_ __glab

. 32x/a
=Inh[27"] — g~ : 49
27— g (49)
whence we can write down the expression
1 82x/a
Inh[Y"“] = ——g" , 50
(Y] 28 S kar (50)

along with the relation that results from (50) when primed and unprimed kernel letters are
interchanged. Actually, there is a much easier, but less elegant, manner of deriving the ex-
pression (50). This consists first in calling upon the classical law

9%x*

Inh[l"l/)c"] = (3,x) W’

(G
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and then allowing for the contracted structure g"“T"; ¢ together with the prescription

2.5 2x/a

dx" — @ .
(@ )Bx’bax"' (9ex )Bx”’axs

(52)

Now, adopting a procedure similar to the one used to derive (37), leads to the property

82x/a 82xa
ks ’ tks
— U, =—8 Uy, 53
dxkgxs @ S (53)
which evidently coincides with®
u/ Inh[Y"“] = —u,Inh[Y“]. (54)

It is of some interest to remark explicitly that the arbitrariness of u/, and u, allows one to
account for the device
2 x/b 82 x4

ks /.a ks
— (0 =— .
§ 8x"8x~‘( bx") § ax’*ax’s

(55)

4 Partial-Derivative Relations

The relationship between the inhomogeneous parts of Y, and Y as expressed by (33) and
(50) can be recovered by utilizing the prescription

(0ex") 8Ly = (B,X")ghes (56)
and working out the expansion
aZx/b ,
28" o 8 = & (BB ) g0y ) — (X kgly) + (85 © g0),  (5T)

where gt <> g/, amounts to the block which is obtained from the immediately preceding
one by interchanging the roles of g** and g, For the first block of (57), we have the calcu-
lation

g L0 g0y — (Bx) kgl )
= 8" (B0, x")gs] + 200, ) (D) Y/ g,
2,b
= ——— +Inh[2Y]]. 58
axbppa T IRI2T,] (58)

For the second block, we thus have

ol l(Bx) g% — (B5x") 0 8"}
— gl/lh{ak[(a;xk)g/hv] _ 2(8kx/h)Tk}
82 b

=— - +¢ Inh[2Y"], 59
axboya T Sarll [277] (59

6We note that (53) is equivalent to the relation (38).
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whence it is legitimate to take account of the statement

9%x?

dxboxa’

82x/b ,
. gab =

Oxkoxs

ngs

Consequently, transvecting both sides of (60) with g"*¢ yields

zgks 32x/a :g/ac 82xb ,
axkoxs axboxre

which produces the desired recovery. Thus, we also have the relation

9%2x 9%2x?
) rks = ra
(=28 ax’k9x’s " axbox’e "

Let us at this stage introduce the definitions

2.c
Uap = IbTy, U] & Unp = 5=t = Ut
and
. . 82xc ,
Vab - Inh[(_4)Taub] < Vab = dOxcox’a ub'

If use is made of (1) and (32), we will readily find

|
2Uup = Viapy — Evg"b’

with
V = g™ V.

Equation (65) amounts to the trace-reversed relation’
2Uup =T Viapy,
whence taking the traces of both sides of it leads to
(=2)U =V.

It follows that, by utilizing the trace-free pattern

1 X .
3:Fab( = EgabTL - 2’Y‘(a(sb)(a

and carrying out some computations, we obtain the expressions®

Inh[$T, ] = Inh[$3),u))] = §U,,

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(63)

(69)

(70)

7We must use the world metric tensors for the primed frame upon taking the traces of both U, and V. The

quantity T is an operator that reverses the signs of traces while preserving symmetry.

8The operator § picks out linearly the trace-free parts of any two-world-index configurations, and commutes

with 7. For example, §U,j, = Uyp, — z]Tng,zb' We should observe that 5T (p¢) = 0.
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and
(—2)Inh[8"“u, 1=V, (71)
which reproduce the classical equalities
Inh[9,u,] = Inh[T", u;] = Inh[d(,u),], (72)

in addition to enhancing the world-tensor character of both §V,u;, and V,u,. Therefore, if
we call for the relations

aauh — gkaak (ghxus) — gkagshakus + 2fY~auh7 (73)
and
Feu® = —[(Yeu)g™ + 271", (74)

we will conclude that the corresponding inhomogeneous parts involving u" are subject to
the prescriptions’

1
Inh[9"u"] = g"“g"" (ka - EVks), (75)
and
rab. rc 1 rab 1 tka 1sb
Inh[I‘c u ] = ng + Eg 8 V[ks]7 (76)

which bring forward the tensor character of V9u?.

Equations (75) and (76) bring forth an asymmetry property of the affine structure (1),
which is related to the fact that SU,, and §V(,; do not generally vanish. For establishing
this statement in an explicit way, we carry out the calculation

1 1
Inh[§9' @y = g*agt (Uks ~5 Vum)) + 7 Vg

1 R
= Eg/kag“h@Uks — TViks)) =0, a7

where we have employed (67) and implemented the contracted relation

82x/a

Inh[3u"] =
nh{9,u”] 8x’“8x”u

b=2u. (78)

Thus, the trace-free derivative $3'“u’® is a tensor whilst § 8éa

nation of (71) and (78) gives the expressions

u;,) is not. Hence, the combi-

1
Inh[9,4] ~ Inh[3“,] =~ V. (79)

Inh[Qu“]=U, (80)

91t should be stressed that Inh([9;u} ] bears symmetry while Inh[8"u’ 5] does not.
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and
1
Inh[Q“u/] =Inh[7,u“1=U + EV =0, (81)

which essentially describe the behaviour of (14). The expression (81) can be obtained in a
straightforward way by performing the actual computation

1
Inh[Q"“u/] = g"** (Uah + EVab>

9%x? +1 9%x?

u - Ug
xsaxa "D gxbgyra
1 %P fs 072X

_1 gk OXT g 82
2axbaxa” T8 Gxkaxs e (82)

- g“(akx’%( 5

with the last step of which being due to (60). Additionally, we can right away recover (41)
and (46) from the relations
3%x'k 1

C= Ve (83)

Inh(u“08:y] = (=2)8u3ms = 5

which control the behaviour of (3).

5 Laws for do-equations and Q7 -structures

The partial-derivative configurations derived in the foregoing section enable us not only
to look into the world behaviours of the do-eigenvalue equations of Sect. 2, but also to
construct typical world-tensor Q2 -structures. Towards considering the former part of this
statement, we write the expansion

Inh[9u},] = u'*8'Inh[9 0} p 1 + 0} 5 INN[I, (025 u")], (84)
where
/ 1
u'BP Inh[d] 0} pp]= 7 Vab- (85)

Recalling (75) then yields the relation

’ ! 1
u’Inh[9 0,58 = o8B {(Uah - EVa,,> - g;kg,/,slnh[a/ku“]} =0. (86)

In a quite similar fashion, we may use the equalities (72) to state that the prescriptions

, 1
'y Inh[3"0"BF ] = -3 g% " Vs, (87)

and
Inh[0“u"] = u'; , Inh[9"0"E%'] + o P5 Inh[8" (o) ul)], (88)
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imply that!°
u,Inh[3" 0P, ] =0. (89)

When attaining the specification of the behaviours of Q2 -derivatives, it may be expedient
to allow for the structures

Inh[Q“u"] = g g™ Uy, = Inh[Q'“u™)], (90)
and
Inh[Qu;] = Uy + %Vab. 91)
The law (90) can be derived by employing the operator device
g8, = " (dx')d;, 92)

together with (76) and the prescription

Pt 2 1b
ut = Ox®
ax’k9x¢ NG )8x58x"

rak u = —Inh[Fé,“bu’”]. (93)

Therefore, after taking suitable traces of the structures (90) and (91), we recover (80)
and (81). A more transparent procedure for computing Inh[Q“u"*] involves using (72) and
(75). It just rests upon the observation that (16) and (17) allow us to write

Qaub — gakgbs akus . (94)
We can still point out that the combination of (75) with the relation
gchauc = JqUp, 95)

produces the whole prescription (90).
Equation (91) provides us with the inhomogeneous part

Inh[7/u;] =Inh[Qu,] —2Inh[ Y, u;] = Uy + Vap, (96)
which yields the contracted structure
2Inh[7"“u)]=V. o7

The behaviour of 7%u” can be specified by either making use of the relation (50) or rewriting
(93) in the form

a2x/b

ax’k9xe

rak

u¢ = g " Inh[Y 1] + 2Inh[T"“u"]. (98)

In the case of either procedure, we obtain the law

1
Inh[7“u"] = g'"*g"* (Uks +5 vks>, (99)

IOWriting (85) and (87) presupposes that the properties (6) should remain valid in the primed frame. We will
make this point clear in Sect. 6.
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whence we can reestablish the invariance of the statements (14) by taking the primed-frame
trace of (99).

It is worth working out the symmetrized version of (99). The reason for this concerns
the occurrence of a natural trace-free structure on the right-hand side of the symmetrized
relation. In effect, by writing

aZx/b) ' ath

Inh[7'“u™] = g Pl + PR g u”, (100)
and carrying out the calculations
82x/b) 82xk
c(a k __ /( b)c /s
(=Dg axeaxk T (3x™g dxcox’s
— Inh[F;(“’”u’S] — Inh[g/akg/bs Fé(kx)u/c]
rc rak /bs 1 ’ o7 1 rab
=uInh| g"g Eal)gks = ZVg , (101)
and
3%x" i ‘
T g/c(au/b) — Inh[(—4)T/(”u/b)] — g/akgrbs V(ks), (102)
we get
Inh[7'“u”] = g'"* g™ § V. (103)

It is obvious that the structure (103) is consistent with (65). Since tensor symmetries are
invariant attributes, we can apply the skew-symmetry operator to the configuration (94) and
absorb the property

n[a(uhwc]) — (Q[aub)wc] _ u[a(waC])
= Q" w — ul*(QPwM), (104)

to obtain the tensor patterns Q“u® and 71 (ubw*).

6 Concluding Remarks

It has become manifest that the properties (5) and (6) are deeply rooted into the inner struc-
ture of the spacetime situation governed by the affinities (1) and (8). Hence, in the unprimed
frame, we can surely write

Y0, 0 = 30,

However, the primed-frame version of this relation does not really hold because of the gen-
uineness of the simple computation

’ ! ’
a/AA GI/AA’ — Ua/AA 8’“(aj,bA,9;) — a/ag{; _+_O,a/AA (a/aa/;bA/)eb/’
whence we can say that

1AA fr AA
NG, =0 0.
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In essence, these features rely upon the word-covariant behaviour of ,, and thereby estab-
lish the invariance of the formulae (21)—(27). They likewise enhance the world invariance of
the expansions (12) and (13).

In case the density ¢ of (9) were substituted for a world-invariant spin density, the co-
variant character of 6, would be removed from the affine prescriptions. Implementing such
a replacement would thus produce the equality

! 4
9a = Ta’
which, when combined together with the inhomogeneous parts of the expansions

1 1AA" _ _AB_A'B' a1 _/ ’r _1AA’
0, =y Pyt P00, + 26,077,

and

8/aGAhA’ — ]/AB]/A’B’B/aU/hBB _ 29/[10';&”
shows that (6) would be invariant statements. In fact, this substitution procedure brings
about the only circumstance under which (86) and (89) could be put into practice, since
the utilization of the covariant derivatives

AA AA’ c _AA A_CA A’ _AC!
Vaab =aa0b — T o, + Yac Oy + Vac o,

and
b b b __c C __b Cc’' _b
VuUAA/ = BHO‘AA, + Fac UAA/ — VaA UCA’ — YaaA’ O'AC/,

enables one to verify that (85) and (87) take for granted the applicability of the primed-frame
version of (6).

The removal of the covariance of 6, would entail taking the absolute value of the in-
dependent component of ypc as a world-spin scalar density of world weight +1, and the
meaning of the traditional eigenvalue equations

3. (Y By Py = 20,)y Py,
and

0a(vBcymc) = (—=204)¥Bcypc's

would be lost. As a consequence, the whole geometric picture of the y-formalism would
have to be eventually reconstructed from the beginning.
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